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Focus wavemode propagation in biaxial anisotropic dielectrics
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Abstract. We investigate in the high-frequency limit the propagation of focus wavemodes in the
direction of one of the principal axes of a biaxial anisotropic dielectric and in the neighbourhood of
this axis. We find that two different kinds of waves can propagate and we discuss some implications
of this result.

1. Introduction

We have just proved [1] that two types of high-frequency focus wavemodes, ordinary and
extraordinary, can propagate in uniaxial anisotropic dielectrics. The situation is somewhat
more intricate in biaxial anisotropic dielectrics (crystals), so we only consider the propagation
of high-frequency focus wavemodes in the direction of one of the principal axes of the biaxial
crystal and in the neighbourhood of this axis.

Choosing coordinates along the principal axes of the permittivity tensor, a biaxial
anisotropic dielectric is defined by the constitutive relations

Dj:SjEj ]:1, 2,3 B:[LH (l)

in which the permittivity tensor is a function of the frequency (but not the direction of the
principal axes) whilgu is a constant scalar. The values 1, 2, 3, of the subsg¢mptrespond
to the components, y, z, respectively.

Using (1), the Maxwell equations culf = ¢~13, D, curl E = —¢~19, B become

curlH = ¢ %9, (¢E) curlE = —pucto,H. 2)
We look for the solutions of equations (2) in the form
E(x,t) = a(z, t) expliwy (z, 1)] H(x,t) = b(x,t) expliwy (z, t)] 3)

in which, in agreement with the Courant—Hilbert definition [2] of distortion-free progressing
waves, a property satisfied by focus wavemodes, the phissa solution of the characteristic
equation of the Maxwell equations [2] that we discuss in the next section.

Letting 04 denote differentiation with respect to coordinates of space and time, we get
from (3)

E = (9ga +iwadgy) expliwy) dgH = (9gb +iwbd, x) expliwy). 4)
We assume is large enough so that one may negl@&gat anddgb with respect toddg x, SO
s E ~ iwadgx expliwy) g H ~ iwbdgx expliwy). (4a)
Substituting (3) into (2) and using4} gives
b A grady = (¢a)c 19, x a A grady = —ube 19, x (5)
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and introducing the vectors (defined with respect to the principal axes)

w; = 8jx/c_18tx (6)
equations (5) become

bAw = (ea) anw=—ub (7

which is a linear homogeneous systems of six equations for the six unkngwhs with a
non-trivial solution if its determinant is zero, a condition that will supply the characteristic
equation to be satisfied by the phas (3).

Remark. When x is a linear function ofr and¢, w is a constant vector proportional to

the wavevector and equations (7) are the four-dimensional Fourier transform of the Maxwell
equations.

2. Characteristic equation
Eliminatingd from (7) and introducing the refractive indice% = gju gives
wAwAa+[n%a)=0

and transforming the triple vector product, we obtain with= w? + w3 + w3

w(w - a) — w?a + (na) =0 (8)
that is

a; = wy(w - a)(u)2 — ni)_l a = wa(w - a)(w2 — n%)_1

az = wa(w - a)(w? —nd)~L. (8a)

Multiplying a; by w; and summing gives the condition to be satisfiedubyo obtain a non-
trivial solution of equation (7)

u)f(w2 — ni)_1 + wg(w2 - n%)_l + wg(w2 - ng)_1 =1 9)
or multiplying (9) by the product of denominators

w?(w - n)? — (win1)?(ns + n3) — (wan2)?(n3 +n3) — (wanz)?(n? +nd) + (n1nnz)? = 0.
(%)

Wheny is a linear function ofc andt, that is, for harmonic plane waves,is a constant
vector and equation {9, sometimes called the dispersion relation, has been the subject of
many important works [3—6] analysing the propagation and refraction of light in crystals. A
somewhat more mathematical discussion is given in [2] where it is only assumegd ihat
linear in time.

Inthe general case considered here where no assumption is mageudostituting (6) into
(9a) transforms this equation into a first-order partial differential equation of fourth degree (that
is with terms agd; x)*) which is the exact characteristic equation of the Maxwell equations
[2]. So, some approximation is needed to make tractable this partial differential equation.
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3. Solution of the paraxial characteristic equation

As said in the introduction, we investigate the propagation of focus wavemodes in the
direction of a principal axis, herez, and we are interested in the electromagnetic field in
the neighbourhood of this axis. Strictly speaking, we assurheg w3, w3 < w3 so that

we may neglect the terms of ordeg?j for j > 2, that we note QJ);j). Then, equation @
reduces to

wén% + w%(n% + ng) + w%(n% + ng) - n%(n% + n%) =0+ O(wgz). (20)
Substituting (6) into (10) gives the paraxial characteristic equation for propagationalong
my 2@, x)? + my%@yx)% +m5(0.0)* — ¢ 23 x)* =0 (11)

2 2

2,2, 22, 21 - 2,2 2, 2. 21
= ngz“(n1 +n3)(ny +n3) my“ =nz“(n3 +n3)(ng +nj)

mgz = (n% + n%)_l. (11a)

my

Among the many solutions of equation (11), we consider the two following ones
X = ct —maz — D71M? M? = mi)c2 + m%y2 D =a+ct+m3z (12)
x° = ct —maz — DTIN? N = myx cOSu +myy Sinu. (12a)

In D andN, a, u are arbitrary parameters. To prove that (12) and:{E2e solutions of (11),
one has just to note that

O x = —ZmEXD_l dyx = —ZmEyD_1 (13a)
9,x = —m3(1— M?>D7?) c Yo, x =1+M?>D~? (13b)
dex° = —2myx cosuN D1 dyx° = —2moy sinuND™1 (14a)
9.x° = —mz(1 — N2D7?) ¢ 19, x° =1+N?D? (14b)

and to substitute (13) and (14) into (11).

The phase (12) is the generalization to anisotropic dielectrics of that of focus wavemodes
[7, 8] propagating in free space while for= 0, /2, the phase (18 is that of TE and TM
electromagnetic components of focus wavemodes [1].

Since condition (9) is satisfied (to the orde{ngz)) with (12) and (12), we may solve
equations (7) in terms of one of the components of the veatdss So, to get electromagnetic
focus wavemodes, one has only to take for this component a scalar focus wavemode solution
of the wave equation having (11) as the characteristic equation.

4. High-frequency paraxial focus wavemodes

The paraxial wave equation corresponding to the characteristic equation (11) is [2]

(m1 %02 +m3%02 + m3%02 — ¢ 297y =0 (15)
and we prove in the appendix that equation (15) has solutions with phases (12) apd (12
v = D™ rexplimwy) ¥° =D Y2 expliwy®). (16)

Then, we identify the componeit, of the electric field successively with andy° so that,
according to (3), the-component of vectod is

as= D71 a3 = D™Y? (17)
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while to get thex andy-components o&, one has just to use the first relationg)8

(w% + w% — n%) — WiWody = WiW3d3
—wiwoay + (wf + w% — ng) = wow3das. (18)
This system is easy to solve and to the ord(emg?) we get using (17)

a, = D_lwl/wg ap = D_lwz/wg
o __ D—l/Z o o o_ n-1/2 o0 o
aj = wi /w3 a; = D™ w5 /ws. (19)

Finally, to get the amplitudes;, b}, one has just to substitute the previous expressions of
a; andaj into the second equation (7). So according to (3), this achieves determination of
the high-frequency paraxial focus wavemode propagation along the third principal axis of the
anisotropic dielectric. However, to be complete, one has still to give the expressiaong for
andwj. From (13, b), we get at once

wy = —2m2xD(D? + M?)~? wy = —2m3yD(D? + M?)~?
w3 = —m3(D? — M?)(D? + M)t (20a)

and similarly form (14, b)

w1 = —2m cosuND(D? + N>)~1 wp = —2mySinuN D(D? + N?)~1
w3 = —mz(D? — N?)(D?+ N1, (20b)

In addition, substituting (2@ b) into the inequalitiesn? < w3, w? < w3 delimits the regions
of spacetime in which the paraxial approximation holds valid.

Comparison of the functiona/? and N2 in the phasey and x° suggests naming the
corresponding solutions symmetric and asymmetric transverse focus wavemodes. Although
only the first are mentioned (only in the case of isotropic media) in the literature, the second
present the advantage of less attenuatior(it/?).

5. Discussion

It was shown in [1] that discarding the high-frequency approximation makes it very difficult to
calculate analytical expressions. However, can we dispense with the paraxial approximation
which limits calculations to a region not too far from the direction of propagation? To obtain
an exact solution of the characteristic equatian) (@ould be an important achievement.

The propagation of harmonic plane waves in anisotropic dielectrics generates a great
variety of physical processes such as double refraction, conical refraction etc of utmost
importance in optics (think, for instance, of the Kerr and Pockels effects) and thoroughly
analysed inthe past[2—6] through discussions of: polarization, phase velocity, normal surfaces,
ray surfaces and so on. Part of this analysis may be generalized to waves with arbitrary phases
provided they are linear in time [2], as Gaussian beams. So, it is a bit frustrating to work
with focus wavemodes since one has only to be content that they can propagate at least in
some direction. Nevertheless, this last possibility could rejuvenate some important problems
conventionally tackled with plane waves as, for instance, the behaviour of plasmas excited by
electromagnetic waves.

So, in order to know the way that focus wavemodes propagate in different media will not
be a futile exercise as soon as one is able to generate [1] physical focus wavemodes, as already
realized in acoustics [9], with the potential of being a good approximation of mathematical
focus wavemodes in bounded regions of spacetime.
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Appendix
To prove that (16) is a solution of equation (15), we first use{18en

dy = —2iwm2x D~y 3y = —2iwm3yD ™ty (A1)
and a simple calculation gives
32y = —(QRiom2 D™t + 4w’mix2 D=2y Y = —(iwm5D™ " + 4w*m3y* D).

(A.2)

Similarly from (13)

3.9 = —ma[D™! —iw(1 — M?’D?)]y

c oy =D +iw@d +M2D 7))y (A.3)
and

9%y = mi[2D % + 2iwD ™! — diwD3*M? — w?(1 — M2D?)]y

202 =[2D7? = 2iwD ™! — diwD3M? — w?(1 + M?D~?)]y. (A.4)
Finally from (A.2) and (A.4)
(m3%02 — 7207y = [4iwD ™' + 40’ M* D)y = —(m; %02 + m;°02)yr (A.5)
which is exactly equation (15). We proceed similarly for the second solution. Fram (14
8, ° = —2iwm; cosuN D~ 1y° 0y ¥° = —2iwmy sinuND 1y°. (A.6)

In this case also, a simple calculation gives

32y° = —m3[2ioD "t cof u + 4w*N?D~? co u]y°

02y = —m3[2iw D~ SN u + 4w’ N?D 2 sif u]y. (A7)
Similarly form (14)

3, 9° = —m3[1/2D +iw(1 — N2D?)]y°

19, 9° = —[1/2D —iw(1 — N2D™?)]y° (A.8)
32y ° = m3[3/4D? — 3iwD3N? +iwD ™ — w?(1— N*D™H)]y°
¢ 232y° =[3/4D* — 3iwD3N? — iwD *w?(1 + N°D?)]y° (A.9)
and according to (A.7) and (A.9)
m3297%y° — ¢ 297Y° = QiwD ™t + 4w’ N D)y = —(mid2 + m502)y° (A.10)

which is equation (15).

References

[1] Hillion P 1999J. Phys. A: Math. Ger822697

[2] Courant R and Hilbert D 196Rlethods of Mathematical Physigsl 2 (New York: Interscience)

[3] Sommerfeld A 1954ptics(New York: Academic)

[4] Born M and Wolf E 196%Principles of Optic{Oxford: Pergamon)

[5] Landau L D and Lifschiz E M 1960Electrodynamics of Continuous Medigeading, MA: Addison-Wesley)
[6] Jones D S 1964The Theory of Electromagnetigi@xford: Pergamon)

[7] Brittingham J M 1983J. Appl. Phys541179

[8] Kiselev A D 1983Radio Phys. Quantum Electro26 1014

[9] Hernandez J, Ziopkowski R and Parker S 1992coust. Soc. Am2 550



